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Résumé

Eliciter un modeéle de préférences additif consiste a poser
une suite de questions a un décideur pour identifier une
fonction de valeur additive représentant ses préférences.
Dans ce travail, nous considérons a un groupe de décideurs
avec pour objectif d’éliciter une fonction de valeur pour
représenter les préférences de chacun. Nous considérons
le cas ou on questionne deux décideurs, mais sans savoir
quelle réponse correspond a quel décideur. Nous proposons
une procédure d’élicitation identifiant les deux modéles de
préférences lorsque les fonctions marginales représentées
par des fonctions additives linéaires par morceaux.

Mots-clés

Modeéle de préférence additif linéaire par morceaux, élici-
tation de modeles multiples, identification.

Abstract

Eliciting an additive preference model involves asking a de-
cision maker a series of questions to identify an additive va-
lue function representing her preferences. In this work, we
consider a group of decision-makers, and we aim to elicit
a value function representing each decision-maker’s prefe-
rences. We restrict to the case where two decision makers
provide answers, but without knowing which answer corres-
ponds to which decision maker. We propose an elicitation
procedure that identifies the two preference models when
the marginal functions are represented by piecewise linear
additive functions.

Keywords

Additive piecewise linear preference model, multiple model
elicitation, identification.

1 Introduction

The additive value model is standard to specify preferences
over a set of alternatives evaluated on several criteria, see
[9]. More precisely, given an alternative x defined by its
evaluation on n criteria x = (z1,...,2,), where z; is the
evaluation of = on criterion i, the value of x is defined by
u(z) = ¥, u;(x;), where u; is the marginal value function

on criterion ¢. In this paper, we consider that the marginals
v; are strictly increasing and piecewise linear, with an a
priori defined linear decomposition. In the following, we
will call any such preference model an UTA model. To
elicit such an UTA model, standard queries correspond
to matching questions involving two alternatives x and
y whose evaluations differ on two criteria ¢ and j only;
three evaluations out of x;,x;,¥;, and y; are given, and the
respondent provides the unfixed value so that indifference
holds.

We consider a framework in which we have to elicit si-
multaneously two UTA models. In this context, the answer
to a matching query corresponds to two values for y;, but
without the ability to identify to which model each answer
corresponds. In this paper, our purpose is to study this
problem from an identifiability perspective. In other words,
is it always possible to define a finite sequence of queries
whose answers enables to identify the two piecewise linear
additive value models ? The identifiability problem can also
be formulated as a game in which a first player specifies the
queries, and second player provides (thruthfull) answers;
is there a finite winning strategy for the first player? in
another variant of the game (not considered in this paper),
the second player can answer with an (adversarial) noise.

Although the problem is formulated as a purely formal one,
it is worth noticing that such a problem may correspond to
real-world problems :

1. A supermarket is willing to adapt the list of products
to its customer base. The products selected should
align with the client’s preferences. Yet, not all cus-
tomers necessarily have the same preferences, and
it is standard to consider a market segmentation in
which each segment represents a group of clients
with homogeneous preferences.

2. A website about cinema requests user feedback on
films. Users provide film scores from which pair-
wise comparisons can be derived. Users are not re-
quested to have an account and are hence unidenti-



fiable. For marketing purposes, the website wants to
identify, from the collected data, clusters of users,
with each a specific preference model.

3. A group of oenologists is performing a blind tas-
ting evaluation of various wines. Wines have been
previously evaluated from a chemical point of view,
and the concentration of several chemical compo-
nents known to characterize the quality of the wines
are measured. Each expert is required to attach to
wines a number of “stars” (from * to *xxxx). All ex-
perts in the panel obviously are not fully aligned in
the way they assess wines. We would like to identify
groups of experts with similar tastes and how each
group accounts for wine characteristics in their pre-
ferences.

Such type of problem has already been tackled from a pre-
ference learning perspective [’], and the identifiability re-
sult proposed is of high importance to justify the search for
efficient learning algorithms to infer multiple UTA models
from preference statements.

Our primary aim is to provide a systematic elicitation pro-
cedure to identify two additive piecewise linear value func-
tions from a finite sequence of matching queries. In this in-
troduction, we provide an overall presentation of this proce-
dure ; the following sections aim at providing a detailed and
justified description of this elicitation procedure. Hence, the
main result of the paper can be formulated as follows.

Theorem 1.1 [t is possible to elicit a mixture of two piece-
wise linear additive preference models using a finite num-
ber of queries.

In our setting, each matching query involves two alterna-
tives x and y that vary on two criteria ¢ and j only, so that
three values out of x;,x;,y;, and y; are fixed and the res-
ponse corresponds to two evaluations a and o’ for the un-
fixed component to obtain an indifference statement in each
of the two value functions to be elicited. Given that margi-
nal value functions are piecewise linear, it is convenient to
define two queries with a specific geometry that we will use
as “building blocks” of our elicitation procedure :

— Interval-constrained query : both evaluations on one
criterion are selected within a chosen linear seg-
ment, and on the other criterion the fixed value, and
both answers a and a’ are in the same linear seg-
ment.

— Straddling query : both evaluations on one criterion
are selected within a chosen linear segment, and on
the other criterion the fixed value, and one answer a
are in the same linear segment, but the answer a’ is
in the segment just above.

Interval-constrained queries make it possible to elicit the
anonymized pair of slopes of marginal value functions on a
specific interval, while straddling queries provide coupling
constraints allowing to assign the slopes to the two value
functions.

Using these building blocks, the procedure starts with the
first two criteria, and proceeds with an initialization follo-
wed by an iteration :

— Initialization : the procedure starts with the two first
criteria and postulates w.l.0.g. that the slope on cri-
terion 1 is equal to one on the first segment. Then,
an interval-constrained query identifies the slope of
each model for the first segment on the second cri-
terion.

— TIteration : given the pair of slopes of both value mo-
dels on criterion 1 for segment /¢, a set of straddling
queries allows to identify the slopes of both models
on criterion 1 for segment ¢ + 1; the same applies to
criterion 2.

Finally, in order to obtain the marginal value functions on
all criteria, one can apply the same principle for all pairs of
criteria (1,i), 7 # 1.

The paper is organized as follows. After a review of rela-
ted works in Section 2, Section 3 provides general nota-
tion. Section 4 presents the two query types which consti-
tute “building blocks” for the identification procedure. Sec-
tion 5 presents results justifying the iterative nature of the
general procedure presented in Section 6.

2 Background and Related Work

The additive value (or utility) function (AVF) model is
the most widely used and studied preference model. It
may represent preference relations on sets of objects x =
(x1,...,x,) described by n attributes or criteria. If at-
tribute ¢ takes values in a set X (criterion scale), let us
consider a preference relation P on the Cartesian product
X = IIL; &;. Under well understood conditions on the
preference P [Y, &, |17], there exist real valued functions
u; * X; - R such that, for all z,y € X, we have

n

n
wPy iff Y wi(a) 2 ) ui(y:).
i=1 i=1

The marginal value (or utility) functions u; are unique up
to positive affine transformations. The main property re-
quired of P for admitting such a representation is an inde-
pendence condition allowing for ceteris paribus reasoning.
Specifically, one may compare objects without specifying
the values of the attributes on which they agree. Such cha-
racterization results allow one to devise query strategies for
eliciting the marginal value functions, hence describing the
preferences on the whole Cartesian product by a numeri-
cal representation. Among the query strategies, the method
of indifference judgments builds a “standard sequence” of
points on a criterion scale, which are equally spaced (in
terms of value). This is done by using a fixed interval on
the scale of another criterion as a unit measure. Queries are
designed as follows. Let g;, p; be two values on the scale X;
of criterion 4, and g; a value on the scale X; of criterion j.
The query is : What is the value a; € & such that the value
difference between g; and p; on X; is exactly compensated
by the value difference between ¢; and a; on X; (all other
things being equal, i.e., ceteris paribus) ? The answer a; is a
first point in a standard sequence. The next point is the ans-
wer to the modified query obtained by substituting ¢; by a;
in the initial query, and so on. The pairs (¢;, ¢; ), (p;, a;) be-



long to an indifference curve in the domain X; x X; (whence
the name “indifference judgments”).

Jacquet-Lagreze and Siskos [0] developed a method (cal-
led UTA) to learn marginal value functions of an AVF that
is compatible with known preferences expressed on a set
of pairs of objects. In order to exploit linear programming
they assume that the marginal value functions are piece-
wise linear. If the points x;;,l = 0,1,..., L partition the
scale X; of criterion ¢ into L subintervals [z; ;, ; ;41 ], and
the marginal value function is piecewise linear with res-
pect to this decomposition, then the latter is known as soon
as the values u;(x;,;) at the intervals endpoints are deter-
mined. Alternatively, it suffices to determine the slopes of
the linear segments of the marginal value function ~;; =
[ui(xs ) —wi(@ig-1)]/(zii—2i1-1). This method has been
subsequently widely developed and applied [/]. In gene-
ral, there are several models (actually, an infinite number
of models) compatible with the set of preference examples.
Some papers [e.g., 5] deal with formulating robust conclu-
sions by considering the set of all models compatible with
the examples.

In this work, we consider the case in which two or more de-
cision makers (DMs) reply to elicitation queries each using
her own AVF model, with piecewise linear marginals. The
answers to the queries are not tagged by the name of the
DM. The question we tackle is whether it is possible to
identify each DM’s model without ambiguity, by asking
queries of the type “indifference judgments”. Model identi-
fiability problems have been addressed in multicriteria de-
cision analysis in the case of the Choquet integral [10] and
the hierarchical Choquet integral [*].

The question of model identifiability can be approached
from different angles. At its core is a parametric family
of functions (f,,)wen Where ) is the latent parameter set,
and each f, is a function mapping queries in Q to ans-
wers in A. Abstract identifiability can be cast as the exis-
tence of a query ¢ € Q such that two distinct parameters
w # w' € Q yield distinct outcomes, i.e. f,(q) # f.r(q).
More operational definitions exist. For instance, various no-
tions of combinatorial dimension have been put forward so
as to upper bound the number of queries needed to distin-
guish concepts [!]. In turn, these bounds can be used to
obtain statistical guarantees w.r.t. the estimation of those
parameters from data, playing a key role in probably ap-
proximately correct machine learning (see e.g. [12, | 1]).
The problem we address here is not standard w.r.t. those
approaches, because neither the queries nor the latent para-
meters are. Indifference queries do not have a binary out-
come, as expected from concept learning theory. More im-
portantly, our latent parameter space encompasses both the
preference models of the DMs but also the identity of the
DM associated to each answer (and thus grows with the
number of queries). A more fruitful analogy comes from
adversarial game-playing : consider two players, the Elici-
ter and the Adversary, and a fixed parameter space, such
that w completely specifies two UTA models. The Eliciter
can either query the Adversary, or reveal two UTA models.
The Adversary answers queries as he wishes. He immedia-

tely loses if there are no parameter w compatible with all
answers, and wins if the Eliciter reveals a parameter wg and
he can provide an alternate w’ # w which is compatible with
all answers. In effect, this allows the Adversary to cheat and
modify the model behind the scene, as long as this behavior
cannot be detected, and forces the Eliciter to reduce the set
of all possible models to a singleton. Such approach can be
found in e.g. []. Here, we show the Eliciter has indeed a
winning strategy.

3 Notation

We consider a set NV = {1,...,n} of criteria. A criterion
i € N is defined on its scale, noted X; c R. We note z; o and
2,7, the minimum and maximum value of the criterion and
X; can be decomposed into L equal sub-intervals of same
size with the values (z; ¢)o<¢<r, Tip = Tig + £+ 220,

A decision maker £ whose value function is a UTA mo-
del can be defined by its values at the edges of the inter-
vals, (ug,i(%ie))e<r ienr- We write the slopes of this va-

lue function 7y ;¢ = u’“’i(x;’fi:;fj(fi‘e'l) forl < ¢ < L.
We consider the functions t(’)wbeqs'trictly increasing, mea-
ning that 7y ; ¢ > 0. The objective is to identify the different
Decision Makers and their value function. For this purpose,

it is possible to formulate a sequence of T~ queries.

We consider a group of heterogeneous decision makers,
that can be queried at will. We define a query Q as ques-
tioning the decision makers concerning alternatives whose
evaluations vary on two criteria only. More specifically,
we formulate a query Q(*) as a specification of an ordered
pair of criteria, (i,j) € N? and a triplet of values on
(0”4”9, with (¢, p") € X7

€ Xj;. This query triggers the collection of

these criteria :

and qj(t)

answers A(") = {a;’(t),a;”(t)} c X, from the group
of Decision Makers. We arbitrarily decide to note «
and ' such that a;’(t) < a”"®. We also sometimes
omit to specify the selected criteria, when it is already

clear enough. The elements of A® are such that either
t) (t t) K, (t t) (t t) K, (t
[ 47) =0 005 ). (60" ~5 (0] or

[0 ~5 (a7 ). (620" ~a (02} )].
with ~, (resp. ~g) denoting indifference for DM « (resp.
). In other words, the answers are non-identifiable,
meaning that we don’t known which decision maker they
come from. A summary of the notation is in Table 1.

4 Queries geometry

Our elicitation algorithm consists in a sequence of different
queries that are chosen to be in a specific criteria space. In
this section, we show that such queries exist and describe
a procedure to find one that follows the sought constraints.
Several queries might be needed to obtain the final desired
one. We consider that only the last query following the nee-
ded constraints is used in our elicitation sequence.



Description Notation
Criteria set N={1,....n} i,jeN
Criteria scale X; = [®i0,24,10]
Criteria Interval (%i,0, T 041] te{0,...,L}
Decision makers a, B
Value functions uF (") ke{a, B}
Marginal value functions ¥ (-) ke{a,B}ie N
Value function slopes vk, ke{a,B},ie N, £<L
Queries oM
Query components qgt),pgt) i,jeN,qieX;,pj e X,
Answers af’(t)7 a; () ieN, af’(t) €X;
TABLE 1 — Notation summary
Kt : — DM Mz — DM
: DMg DM
é - oy
® Answers @® Answers
N ................................................................................................................
8, ad
a6
Xj,0 i, 0 Xﬁ xx‘. 2
X0 X?l XJI‘2
(a) First query @
FIGURE 1 — Interval-constrained query, scenario (i). The ,
colored lines represent the indifference curve of each DM. X1t — oM,
DMg
B Query
@ Answers
4.1 Interval-constrained queries
The first type of query are queries constrained within inter- 7
vals of our criteria cutout. Considering the ¢;-th and £;-th 7R
intervals of criteria ¢, 7 € A/, we want to end up either with :
t .. t
- QE ) = ((27])7 (Qqu]apl)) and AE ) = (a%,j7al§’,j)
. t) (¢ £y (1) (t
with ¢\, p{") € [, 31 0,01 ] and ¢ a) a, €
[xj,zj,xj,zjﬂ] avan R %z
@ _ (s ) _
- Qj =((4,9), (g5, i, p;)) and Aj = (p,is Qi) (b) Second query Q'

with q§t),p§t) €

[mi,fw wi,ér#l]

()

[mj’ej>xj,£j+1] and q; ()

t
®) 40 ¢

7al<a,i7 K

Lemma 4.1 Given two criteria and an interval on each
of those criteria, it is always possible to find an interval-
constrained query using at most 3 queries.

Procedure We formulate a first query from i to j : @@ =
(2i0,41,256,) ~ (wie,,7). The DMs answer according to
one scenario among three :
(i) The DMs answer with a,; j, 0, ; € [.’L’j’gj , xj74j+1]
(iii) Both answers returned are not in [:cjygj,x“_m],
Are,js O’ j 2 Lol
(iii) An answer a, ; € [l'j,[j,xj,[
one ayr j 2 Tl

M] and the second

FIGURE 2 — Interval-constrained query, scenario (ii). The
colored lines represent the indifference curve of each DM.

Scenario (i) In case (i), illustrated in Figure 1, both answers
are within the right interval. We do not need to proceed to
any further query and therefore Q") = Q.

Scenario (ii) If both answers are such that a, j,a. ; >
Tje,;+1, it means that the utility difference yielded on cri-
terion 4, g ; (%;.0,+41) — Uk,i (4.0, ), is for both DM greater
than the difference of utility on criterion j, ug ;(xj¢,+1) —
ug, (24,0, ). This case is illustrated on Figure 2a.

A second query from j to i, Q" = (Zj,41,Tip,) ~
(.4, 7), makes sure that both of the new answers a; ; and



A
Xj.2 1 . — DM,
DMg
W Query
@® Answers
"- L
xi,0 X1 X2
(a) First query @
A
Xj,2 1 . — DM,
DMg
B Query
@® Answers
T T TT—————————_—MSM
.
X5,0 . . M
Xi0 ap,i Xi,1=8a,i Xj,2

(b) Second query Q'

FIGURE 3 - Interval-constrained query, scenario (iii). The
colored lines represent the indifference curve of each DM.

a;,ﬂ- are within the interval [z; ¢,,%;,+1]. This query is
illustrated on Figure 2b. In this case, we can consider the
query Q) = Q' or if we need the answers to be on the cri-
terion 5, we can query from i to j with Q(*) = (afw-, {,Ciygi) ~
(xjgj , ?). aj, ; being the smallest of two answers resulting
from Q’.

Scenario (iii) In this case, illustrated in Figure 3a, we spe-
cifically have one DM following scenario (i) and the other
following scenario (ii). With the query from j to 1 Q' =
(a;, ;j%ie;) ~ (@je;,7), we make sure that both answers
afm,a;% € [@ie;, Tip+1]- The query is illustrated in Fi-
gure 3b. For this scenario, we can use Q(t) = Q' or if the
answers need to be on criterion j, we can query from ¢ to j
with @) = (al ; wi0,) ~ (2j0,,7).

4.2 Straddling queries

In addition to interval-constrained queries, we also need
queries that involve two consecutive intervals on the “desti-
nation” criteria. Specifically, we want to build a query from

itoj, 9® : (ql.(t),q§t)) ~ (pgt), ?7) that is constrained wi-
thin the interval [x; ¢,,; ¢,,, | and that is on either sides of
xj ¢, Differently said, we want oM = (Qz’(t)7 qj(-t),pﬁt)) that

triggers the answers a'? a(t,)j, such that :

ENERE
¢, P € [wig,, wigan]

()
- QJ € [xj,f]’*17xj,zj’]
® @)
S Qg Gy i € [xj,zj,ﬂfj,ej+1]
Lemma 4.2 Given a value x;, on criterion j and an in-
terval on another criterion 1, it is always possible to find a
straddling query over x; ; using the given interval on i with
a finite number of intermediate queries.

qi = %'(fi,fﬂﬁﬂfi,zi)a% = %'(wj,zﬁxj,ej,l) and p; = x;p,.
From this point, three outcomes are possible, illustrated in
Figure 4.

Scenario (i) [llustrated in Figure 4a, the scenario (i) cor-
responds to the desired result. The answers are in the right
interval resulting in the desired query Q) = Q.

Scenario (ii) [llustrated in Figure 4b, at least one of the ans-
wers is above x;¢.,1. The next query will depend on the
value of Aa = a, j — Gy j.

- Aa < xj4;41 — 5, by formulating the query
Q' =(qi,qj —awr j +Tp,0;41) ~ (pi, 7) we know that
we will obtain answers such that : aj_ ; = z;;+1and
Tji41 2 a,’{,_’j >0, It means that we obtain what
is needed, or scenario (i). The new query is illustra-
ted in Figure 5a.

- Aa > w1 ;. Atthis point, the existence of a
saddling query results from a continuity argument :
by moving the reference point from (g;, ¢;), where
both answers are above x;; .., to (p;, 1, ), where
both answers are below z;;.,,, we can find a va-
lue where one answer is above ;. , and the other
is below, because the answer is continuous w.r.t. the
reference point. Finding an adequate reference point
can be performed in a finite number of steps by bi-
nary search.

Scenario (iii) Illustrated in Figure 4c, at least one of the
answers is below x; »,. The objective of the next query is
to make sure that a, j,a. ; > x;¢,. The idea is to choose
q; > qj +Tje; — ;. Our proposition is to query Q' =
(qisxj0; + % -(gj —ax,j)) ~ (pi, 7). This query, illustrated
in Figure 5b, can lead to either scenario (i) or (ii).

The scenario (iii) leading to (i) or (ii) makes sure to lean
toward this convergence.

5 General identification properties

5.1 Identification with two
constrained query

Lemma 5.1 [t is possible to identify the slopes of both DMs
value functions for a chosen interval £ on a given criterion
1 using two constrained queries involving two different in-
tervals of another criterion j for which the marginal value
functions are known.

interval-

This Lemma means that once one marginal value function
has been identified on at least two distinct intervals, it is
possible to generalize the identifiability of any interval on
another criterion. We propose a demonstration that leve-
rages two constrained queries that helps formulate two dis-
tinct sets of equations.
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X2 b . — DMy
i DM
W Query
@® Answers
E r
1 i
! :
! :
! i
: ; .
Xi,0 F Pi 4 Xi,1 Xj,2
(a) Possible outcome : scenario (i)
A
204 | —
DM
Xj.2 : : : W Query
4.0 i i i @ Answers
X0 Pf a ai xXi1
(a) Moving along criterion ¢
ap,j
b T T, P 4
X2 : — DM,
i DMg
P — DM, W Query
DMpg ® Answers
: : W Query
5.0 i i @ Answers _s
Xi, 0 F Pi i Xi1 ALz
(b) Possible outcome : scenario (ii) 0 S, NP .........................................
A
— DM,
DMg H
B Query i
aéfb-l @ Answers %0 E :
X2 LN e e X.0Ep: @ %1 %2
(b) Moving along criterion j
af) : FIGURE 5 - Straddling query : two types of following
X o P R . . .
" : query. The colored lines represent the indifference curve of
each DM.
a
%.0 i i .
Xi,0F Pi qi Xi,1 Xi,z2

(c) Possible outcome : scenario (iii)

FIGURE 4 — Possible outcomes for a straddling query. The
colored lines represent the indifference curve of each DM.



Proof : Let’s consider an interval [x; ¢, 2; ¢+1] on a crite-
rion ¢, for which the slopes 7,,i.¢,73,i,¢ are to be elicited.
We demonstrate that using two intervals on another crite-
rion j # 1, it is possible to identify the values of the slopes.
We note these interval [z, ;1] and [z;1,2;2] for the
sake of simplicity while keeping in mind that the demons-
tration works in the general case.

We obtain two different Equations involving the desired
slopes, from which we can obtain their values. The first
Equation is obtained with the query Q) involving the in-
terval [2;0,; 1] and the second one is obtained through
the query QU*1) with the interval [z 1, 7;2].

We formulate the first constrained query Q) =
(@”,q$) ~ (", 7) with ¢, p{? € [254,2: 1] and

qj(t), ,(fz, 2,)4 € [xj,0,2;,1]. It means that :

{(q“%qﬁ) w (07,0
(@”,4$) ~o 07,082

@{ un((6”,4")) = ue ("))
uw (g (t)’q(t))) U, ((p(t), ’(f)j))
(®)

un,i(xi,é—l) t Viyinl (qi - 331‘,@—1) T Ve,5,1 4

= Ur@,i(xi,f—l) + Ve,il (pl(' ) - Ti - 1) +Ve,,1 a( )
=
un’,i(xilfl) + Vrriil e (q'(t) - fi,f—l) + Vit 4,1 CI]( )
= i (Tipe1) + it (P = Tioi1) + Vs g1 - a( )
a® _ D
Qe Y45
Viyil = W *Vk,j,1
=g

(t) (t)
KNG
Vil = 7y VR,
ql_(f) (f)

We introduce the binary variable &) in order to resolve the
ambiguity, with agf)j = k®. al(_:; +(1-kW). a,(f,)j and
ag=(1-k®). a,(fj. +E® -a,(f,)j. It leads to :

Vot = (k(t) AW 4 (1-ED). AS)) Vel

(1)
Yok = ((1 — kD) AD 4 O 'AS)) Vg

a(® (0 a(® g™
(t) _ 9
and A = (f) p(f)

ith A = 2=
wi qf) Pi
We formulate the constrained query Qt+n)
(q(t+1), J(t+1) ( (t+1) 7) with q§t+1)’p§t+1)

(t+1) (t+1) (t+1)
[mi,bmz,£+1] and q ; ,{] vaK')j € [‘rj»171’j’2]'

Similarly, we obtain that

t+1 tl t+1 t+1
{(qfﬁ g8 D) w00l
(

1 1 1 1
qL(t+ )’ ](t+ )) (p(t+ )7 SH—] ))
(t+1) (t+1)
etmg T8
Tl = 7y @D V.52
P 4 b;
(t+1) (t+1)
g~

TR T Ty (1) TR02

In a similar fashion as in the previous query, we introduce
the binary variable k(**1) so that @ = k(**D).x+ (1- k(D).
k' and B = (1 - k@) g+ KD . 4/ Tt leads to :

Vo = (k(t+1) .A’(€t+1) + (1 _ k(Hl))A’(f,H)) Yaji2

1— k,(t+1))A(t+1) " k(t+1) . A(t[+1))

Y8 = (( V8.4.2

(t+1) (t+1) oD _g(t+D)
(t+1) _ -q, (t+1) _ %ery ~9%
with A, W and A W

i

Equating the right hand side of the first (respectlvely the se-
cond) equation in (1) and (2) yields a linear system of two
equations with variables k), (**1) We show in Appendix
A that these two equations are not linearly correlated un-

) _ (t) or a(t+1) a(t+.1) or 1841 _ 38.5.2

less : either a,, ;= y _ L2

> Ye,4,1 Ve 5,2
In the first case, answers of both DMs are the same, we
do not need any disjonction and can directly end up with
desired values. In the second case, we argue that with a ca-
reful initialization of the value functions, presented in 6.1 ,
we have identified the value functions on two intervals such
that those ratios cannot be the same. Therefore, we know
two intervals that can be used. In the case where the two
equations are not correlated, we can deduce the values of
E® and k(*1) resulting in obtaining the values for both
desired slopes . Otherwise it means that at least one set of
answers have been similar and the disjunction is not nee-
ded anymore. It is possible to directly deduce the values of
Ya,i e, Y8,i,¢ from the equations of this answer.

5.2 Slope identification with an interval-
constrained and a straddling query

Lemma 5.2 [t is possible to identify the slopes of both DMs
on any interval of criterion i using a straddling query with
a neighboring interval on criterion i as well as any interval
on another criterion j, for which the marginal value func-
tions have been elicited.

This Lemma means that once the marginal value functions
have been identified on an interval for two different criteria,
we will be able to extend the identifiability to the neighbo-
ring intervals of both criteria. Then, step by step, it will be
possible to generalize the identifiability to all the intervals
on both criteria.

We propose a demonstration that leverages one constrained
query accompanied by a straddling query.



Proof : Let’s consider an interval [x; ¢, 2; ¢+1] on a crite-
rion %, for which the slopes vq,i ¢+1,78,i,+1 are to be eli-
cited. We demonstrate that using the previous interval on
criterion 4, [x; ¢-1,%;¢] as well as any interval on another
criterion j # 4, it is possible to identify the values of the
slopes. We note this interval [z, o, ;1] for the sake of sim-
plicity while keeping in mind that the demonstration works
with any other interval.

We obtain two different Equations involving the desired
slopes, from which we can derive their values. The first
Equation is obtained with the query Q*) and the second
one is obtained through the query QU+

First, we formulate the interval-constrained query oM =
(@”,a) ~ @, 7) with ¢\, p$" € [250,2;1] and
E ) € [@ie, @i 41]. The straddling query yields two ans-

@ @)
WETS, @, 5,0y ; € [Ti0,Ties1]-

The same way as before, we obtain :

{(q(t)qut)) - (01,a")
(

t t t t
0", ")~ (08,09
pﬁt) (t)
Vr,ib+1 = W Vk,j,1
q.
=
) p;t) _ qi(t)
Vr!,if+1 = W * V', 5,1

Once again, we model ambiguity with k) e {0,1} such
that a{, = ko) + (1-k®)-a{?); and 0 = (1-£®))-
KO o0

Yasierr = k- (Aff) - AS)) +AD

(3)
i = KO- (AL - AD) + AL

(t <t> <t> ()
() _ —9;

and A/ = ]

qfr) ai’{ (f) 0

w! i

with A(t)

At this point we have deduced two slopes values for the
(@0, T 0+1] interval, without being able to associate them
to the right Decision Maker, and therefore need an addi-
tional query. The possible value functions are illustrated in
Figure 6.

Then, it is possible to formulate the second query
Q(Hl) :( <t+1) (t+1)) ( (t+1) 7) with q(t+1) (t+1)

? ]
(t+1) (t+1)

(t+1)
€ [-Tzé 1,24 Z] y Qpr o €

(2.0, %‘,1]2 and g

+
== Elicited, a
Elicited, B
== possible Yk, i,2
ug,itxi,1) - Yk.i, 2
Viei.2
Ug,i{x,1) e Yk.i.2
-
-
/’l
-
.
g
u,i{x,0) L7 ) )
Xi.0 Xi,1 Xj,2

FIGURE 6 — Possible value functions after Q(t)

[Ii’e, mi,hl]- We find that :

(q<t+1) g t+1)) ( (t+1) a(tfl)
j ) dg 7R,
{(q?ti»]) t+1)) ( (t+1) (t+1))

’qz ’ n’ i
(t+1) (t+1)
’Ynjl qk +unz(xz€ 1)+'7KZZ (q _xi,f—l)
(t+1) (t+1)
=Vrg1 Py Ui (Tie) + Veiaer (a ;) — Ti)
<~
(t+1) (t+1)
Ve’,5,1 " Ay + Ups z(xzé 1)+'Yn 00" (q _J)i,é—l)
(t+1) (t+1)
=Verg1 Py e i(Tie) + Vg (A — @)
q(t+1) p(t+1) (t+1) i
) _ ] J J ) i i,0
Ve,if+1 = Vr,j,1 " (t+1) - + Viyil e (t+1) 4
PN K/, Tip r@ 7 ~Tie
q(t+1) p(t+1) q(t+1) — i
_ J J i i,
Ve!,il+1 = V' ,5,1 " TS + Veril e N
K, - xi,l K - xi,f

. 1=
‘We remind that un’i(l‘i’g) = Zl:l Veyiyl ((Eu - LL’Z"l_1) and

thus wy ;i (@i0) = Uk, i (Ti 1) = Yu,ie - (Tie — Tig-1).
We introduce k") € {0,1} such that v, ;0.1 = k(D
Yisiorr + (1= kDY) y 50 Tt results that :

Voie1 = I:k(t+1)®,(£t+1) + (1 _ k(t+1))®,(fr+1)]7a,j,l
i [kj(t+1)AS+1) i (1 _ k(t+1))Af€t+l)] Vit
e = [(1-HED)OED 1+ KEDOED] 5,

. [(1 — DY AGD k(t+1)A’($+1) Y

)
with :
(t+1) (t+1) (t+1) (t+1)
Qt+1) _ 45 Py ®(t+1) 2]
K T (t+1) - (t+1)
a,{,i —Tie Q. i Zie
1 1
A(t+1) QSH ) — T A(t+1) _ q§“ )—xz‘,e
(t+1) PR T (t41)
,Ag 7 i, a,i')i - l'i_’[

Equating the right hand side of the first (respectively the
second) equation in 3 and 4 yields a linear system of two
equations with variables k(") k(1)



We show in Appendix B that these two Equations are not

linearly correlated unless : Either ag) = a(t,) or as;l) =

’(f:;) or zi—;i % In the first case, answers of both
DMs are the same we do not need any disjunction and can
directly end up with desired values. In the second case, we
argue that with a careful initialization of the value func-
tions, presented in 6.1 , we have identified the value func-
tions on two intervals such that those ratios cannot be the

same. Therefore, we know two intervals that can be used.

a

6 General Elicitation Procedure

We propose a general elicitation procedure that can be used
in order to identify a set of two decision makers in our
described setup. Let’s first consider the first two criteria,

N, ={1,2}.

6.1 Initialization

During the initialization step, we make sure that the value
functions have been identified on a minimal number of in-
tervals.

Normalization of . ; ; We decide to normalize all the va-
lue functions as follows : Vk € {c, 5}, 7%,1,1 = 1, meaning
that

Ya,1,1 =Y8,1,1 =1 )

This can be done without loss of generality, as the margi-
nal value functions elicited are unique up to a positive affine
transformation, and it is always possible to normalize a pos-
teriori the elicited value functions such that they take their
value in the unit interval.

Distinction of the two DMs, a and (3 The first query
will be used to differentiate o aims at eliciting the func-
tion slopes on the first interval of the second criterion. We
formulate the query Q1) = (q(l),qzl)) (pgl),?) with
(1) = T1,0, p§ ) [3?1 0,71, 1] and qé ) =Z271. ‘We obtain
(1)

the answers a(l) and a,,’,. We arbitrarily decide to attribute

the answer a( ) to the DM o and a ,)2 to 3, leading to :

1 1 1 1

{ua«q( 1 a§Y) = ua (017, al)))

us((aV,a8") = us (@, a))

{U“=1<q D) tta (@) = tan (0) +uaz(aly)
it 1) 1) 1)

Uﬂ,l(ql )+U52(QQ ) u,@l(p1 )+uﬂ2(a,~g'2

{%,1,1 ¢ 4 v021 68D = va11 P+ Ya2n -a,(f%
<~

Yg,1,1 q§ )+W3 21" q§ ) =78,1,1° pi )+’Yﬁ72,1 a;(«x)z

With the normalized values described in the normalization
Section, we obtain :

1 _ M

_bhh ¢
VYa,2,1 = (](1)7(1)
2 K,2
1 _ (1) ©)
o= S by
D) a ')2
8.2,1

Handling the special case where
5.2, 5.1, we argue that we need two intervals where the ra-
tion of the slopes value is different. The initialization makes
sure that these two intervals exist, unless Wi 2L = 1. Howe-

o= = 1. In the Lemmas

ver, it means that the value functions from the two DMs are
not distinguished yet since they are still the same. Therfore
we can re-iterate the second part of the initialization until
the Equation 6 actually leads to two different slope values
and two intervals with different ratios, letting us use the two
Lemmas.

6.2 Iteration

Using the intervals [z1,,21,1] and [z2,,Z2,1], it is now
possible to formulate straddling queries, following lemma
5.2, in order to identify the value functions on intervals
[%1,1,21,2] and [z21,22,2]. Then working step by step,
using a straddling query on intervals [x;¢_1,%;¢] and
[zj0,2j1]with1 << L-1andi,je{l,2},itis possible
to identify the value functions on interval [x;¢,%; s+1]-
With such a method, it is possible to generalize the iden-
tifiability to the whole scale of the first two criteria.

Now, for any criterion i € N,¢ > 2, it is possible to iden-
tify the value functions on any interval [z; ¢, T; ¢41]. In-
deed, using lemma 5.1, with the criterion 1 and the intervals
[%1,0,21,1] and [x1,1,21,2], lets obtain the desired results.

Conclusion

In this paper, we study the identifiability of two additive
piecewise linear value functions from matching queries that
provide two answers (those of the two additive models), but
without knowing to which model each answer corresponds.
We provide a systematic elicitation procedure that makes it
possible to specify the two additive piecewise linear models
from a finite sequence of matching queries, hence proving
identifiability.

This work leaves open questions that should be studied in
further research. First, our work is limited to additive va-
lue functions for which the marginals are piecewise linear;
it would be interesting to study this identifiability problem
when marginals can be any monotonically increasing func-
tion. A second extension relates to the fact that our work
accounts for two decision makers only ; extending interval-
constrained and straddling queries to more than two deci-
sion makers seems straightforward, but defining an elicita-
tion procedure to identify n additive models (n > 2) would
be of great interest. Finally, the positive results concerning
the identifiability of such model could help to analyze the
behavior of statistical learning algorithms.
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A Appendix A : Condition of unicity of the system resulting from Equations 1, 2
We have two expressions, for the values of 7y, ; ¢, 3,s,¢ resulting from Equations! and 2, precisely :

Vevsist = (k(t) 'A,(f) +(1- k(t)) 'A;(:’)) el

V8.t = ((1 - k)AL + 1O -A,(f,)) VB

Newick = (k(m) A 41— k(t+1))A(§+1))% i2
V8.4 = ((1 _ k(t#—l))Aff—*—l) 4 R A,(.itfﬂ))’Yﬁ,j,z

Those values being the same, it results that :

(k(t) AW 4 (1- kD) -A(f;)) Aagid = (k(m) AW (1 - k(t+1))A(tI+1))%J )
((1 _ k(t)).Ag) + M ~A(t,)) Vg = ((1 _ k(t+1))A,gt+1) + (D) _A(t,+1))7ﬁj2
(k(t) . (Ag) - A(t,)) + A(t,)) *Ya,j,1 =
- ( K K 2

(R A = ASD) AL ) 0
JAON (A(t,) _ A}({t)) n A,(f)) Ygga = (k(t+1) ) (A(t’+1) _ A,(f*l)) + AE{Hl)) Vo2

If the equations are linearly correlated, it means that the coefficients in k() k(**1) are correlated between the equations.
Differently said, it would mean that z € R such that :

(A,(_f) - A,(:,))’Ya,j,l =z (A,(f/) - Af(@t))’%@,j,l
(Al(fl+1) _ A;({t+1))’7a,j,2 - 5. (A;(i“—l) _ Ai€+1))757j,2

{7%1 = T2 B
<~
Vaji2 = 72" V6,5,2

The second system holds if the A values are different at ¢ and ¢ + 1. Which is the case if the answers of the two DMs are
different. It results that the solution of the system is unique unless :
— the answers from the query ¢ or ¢ + 1 are the same for both DMs

— the slopes ratios of each DM are the same on the two intervals on criterion j, 102 = Jouil

VB,4,2 VB.4,1



B Appendix B : Condition of Unicity for the solution of the system resulting from
Equations 3 and 4

We have two expressions, for the values of v, ; ¢+1,73,:,¢+1 resulting from Equations 3, 4. In this appendix we find conditions
of unicity for the solution of this system. Precisely, we have :

Yoienn = [FO AL + (1= 5O) - AD ] v
VB,i0+1 = [(1 - k)AL + 1O 'A,(fr)] V8.5.1

Seeet = [KEDOE 4 (1 RED)OED |y L [HEDALD (1 KDY

Those values being the same, it results that :

E(® -A,(f) +(1- k(t)) 'Aff/)) Vel = I:k(t+1)@’(€t+1) +(1- k(t+1))@$+1)]%7j’1 " [k(t+1)Algt+1) +(1- k(t+1))A’(€t+1)],yavi’e
(1-E®). A® 4 1® -A(t,)) Vg1 = [(1 — ket | k(t+1)@(t/+1):| Va1 + [(1 DY ACD) k(t+1)A(t,+1):| Voie
k(t) . (Aff) _ AS)) + A/(:')) Aeja = (k(tﬂ)(@’(ju) _ @'(;rl)) + @’(:fl)),ya’]_J + (k(t+1)(A}(£t+1) _ A}({t+1)) + A'(;Hl)),yo%Z
k,(t) . (A,(:') _ A,(f)) + AS&)) Vg = (k(t+1)(®’(:/+1) _ @l(£t+1)) " @'(€t+1)),m,j71 " (k(Hl)(ASH) _ AS+1)) + A,(:Jrl))')/ﬂ,i,f

—_— T~/ /™

If the equations are linearly correlated, it means that the coefficients in k() k(**1) are correlated between the equations.
Differently said, it would mean that :

(A = A ) a g1 = 2+ (AL = AL )y,
(047 = O g + (AL = AL ) =2 [0 = O Dy + (AL = ALy

»Js
’70(, j,1 zZ: )}ZA ), 1
{ J »J

Ye,5,2 = Z V8,5,

If o) + a,(f,) and oY) 2 a,(f,;l), A,(f) - Al(f,) # O,A,(.@Hl) - AS,H) +0, 6),({“1) - @,(f,“) + 0. We can write :

K, N K,

Ye,j, 1 = =% VB.,1

(O =00y (AL = AL )y 0= =T [0 = O Dy + (AL = AL
V8,31
Ye,j, 1 = =2 VB3,

- Ya,j,1
Ya,ie = —— " VB,ik
VB.4,1

Similarly to A, we find that the solution of the system is unique unless :
— the answers from the query t or ¢ + 1 are the same for both DMs

— the slopes ratios of each DM are the same on the two intervals on criterion j, 120t = Yol

VB, VB,j1
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